The aim of this paper is to give a coherent account of the problem of constructing cubic graphs with large girth. There is a well-de ned integer 0 (g), the smallest number of vertices for which a cubic graph with girth at least g exists, and furthermore, the minimum value 0 (g) is attained by a graph whose girth is exactly g. The values of 0 (g) when 3 g 8 have been known for over thirty years. For these values of g each minimal graph is unique and, apart from the case g = 7, a simple lower bound is attained. This paper is mainly concerned with what happens when g 9, where the situation is quite di erent. Here it is known that the simple lower bound is attained if and only if g = 12. A number of techniques are described, with emphasis on the construction of families of graphs fG i g for which the number of vertices n i and the girth g i are such that n i 2 cg i for some nite constant c. The optimum value of c is known to lie between 0:5 and 0:75. At the end of the paper there is a selection of open questions, several of them containing suggestions which might lead to improvements in the known results. There are also some historical notes on the current-best graphs for girth up to 36. MR Subject Numbers: 05C25, 05C35, 05C38.
Introduction
The aim of this paper is to give a coherent account of a topic which has been studied in a rather haphazard fashion for many years. There is much that remains to be done, but recent advances, particularly in geometric and computational group theory, promise to throw some light on the darker corners of the subject. We shall concentrate on cubic graphs, that is, graphs in which each vertex has degree three. There are several justi cations for this, the rst one being that cubic graphs have wide applicability. For example, it follows from a recent result of Malle, Saxl and Weigel 33] that almost every nite simple group has a cubic Cayley graph. Furthermore, the generalisation to graphs of degree k > 3 does not appear to be substantially more di cult than the case k = 3. Finally, the cubic case is the only one where we have speci c examples that improve signi cantly on the best general results currently available. The girth of a graph is the length of a shortest cycle in the graph. It can be shown that cubic graphs with arbitrarily large girth exist (see Theorem 3.2) and so there is a well-de ned integer 0 (g), the smallest number of vertices for which a cubic graph with girth at least g exists. It is a standard (but not quite obvious) result 31, p.385] that the minimum value 0 (g) is attained by a graph whose girth is exactly g, a result which also follows from our Theorem 4.2. We shall assume this result in the following discussion. The values of 0 (g) when 3 g 8 have been known for over thirty years (see, for example, 47]). For these values of g each minimal graph is unique and, apart from the case g = 7, a simple lower bound 0 (g) (de ned in Section 2) is attained. The situation for g 9 is quite di erent. Here it is known that 0 (g) is attained if and only if g = 12. Results for other values of g have been been achieved by a combination of luck, judgement, and years (literally) of computer time. Naturally the rst case to attract attention was g = 9, where we have 0 (9) = 46. For many years the smallest number achieved was 60, but in 1979 a graph with 58 vertices was found 10]. In 1984 Brendan McKay showed that there no smaller graphs, so that 0 (9) = 58, and in 1995 the complete list of 18 minimal graphs was determined 14] . Generally, the problem of nding 0 (g) is equivalent to determining the least value of c for which there is a cubic graph with girth g and 2 cg vertices. The value of c is known to lie between 0:5 and 0:75, but in practice this leaves considerable room for doubt, since the number of vertices implied by the upper bound is considerably greater than that implied by the lower bound. In the 1970s a great deal of work was done`by hand' on the cases g = 9; 10; 11, by C. W. Evans, R. M. Foster 15], W. Harries, A. T. Balaban 1, 2] , and others. Much of this work has remained unpublished, partly because it has been superseded by extensive computations, such as those of McKay referred to above. However, that work contained the germs of several ideas which are useful for dealing with larger values of g. An account of some of these ideas was given in the 1982 thesis of M. A. Hoare, and in a paper 25] by the same author published in 1983. Examples with girth up to 30 were also published at that time 11] . The present author gave a talk on the subject at a conference in 1985, the proceedings of which were published in 1989 7] . It appears that this paper is not well-known, although it contains results for g = 13; 14; 15; 16 which are still the best known in 1998. Recently there has been some more progress on this problem, and it seems that a fresh account is needed. Indeed, at least one important advance 13] has been made since the preprint of this paper was circulated. A dynamic survey of the current state of knowledge can be found on Gordon Royle's website 37]. This also contains other relevant information, in particular concerning the Foster Census 15] of symmetric cubic graphs. At the end of the paper there is a selection of open questions, several of which contain suggestions for further work.
The naive bound
Let v be any vertex of a cubic graph G with odd girth g. Then v has three neighbours, each of which has two neighbours, and if g 5 all six of them are distinct. Generally, the argument can repeated up to the point where there are 3 2 (g?3)=2 distinct vertices in the last step, and so the total number of vertices is at least
Using a similar argument starting with two adjacent vertices, it can be shown that when g is even the total number of vertices is at least
These two results comprise what we might call the`very naive bound', denoted by 0 (g) in the introduction. If there is a graph G which attains the very naive bound, G is distance-regular, and its intersection array takes a particularly simple form. The theory of distanceregular graphs can be used 4, Chapter 23] to show that this can happen only if g = 3; 4; 5; 6; 8; 12. In each case there is a unique graph, and each one is a wellknown, highly symmetrical graph. Since the very naive bound is rarely attained we may say that, almost always, the number of vertices in a cubic graph with girth g strictly exceeds this bound. The number of vertices must be even, so it follows that we can ignore the ?2 in the formulae displayed above. For this reason we shall de ne the naive bound 0 (g) as follows:
if g is even. The conclusion is that, for g = 7; 9; 10; 11 and for all g 13, the number of vertices in a cubic graph with girth g is at least 0 (g). The reason for calling this bound naive' can be inferred from the table given below, in which we compare 0 (g) with the best results available at the time of writing (1998). The current results are tabulated as the values of two (time-dependent) functions. The value (g) is the least value for which it has been proved that no smaller cubic graph with girth g can exist. Trivially (g) 0 (g), and in cases where there is equality the value of (g) has been omitted. The value (g) is the smallest number of vertices for which a cubic graph with girth g is known to exist; we shall call such a graph current-best. In order to determine 0 (g), the minimal possible number of vertices of a cubic graph with girth g, we have to await the time when (g) = (g); currently this state is achieved only when g 12. g : 7 Further details of the current-best graphs and the methods used to construct them will be given in Examples throughout the paper. For convenience, this information is collected in the Historical Notes at the end.
Families of graphs with large girth
The naive bound can be written in the following way. For almost all values of g, 0 (g) = 2 The value of the constant 1=2 is crucial. It tells us that, roughly speaking, the number of vertices of a cubic graph with girth g is of the order of 2 1 2 g , at least. However, the results quoted above show that known constructions are far from meeting this optimal value. In order to measure how e ective these constructions are, it is helpful to de ne a parameter c(G) which, for a cubic graph G with n vertices and girth g, is given by c(G) = log 2 n g :
In other words, G has 2 c(G) g vertices. For example, the current-best graph with girth 13 referred to in the table above has n = 272 = 2 Theorem 3.2 shows that there is a cubic graph with 2 g vertices and girth not less than g which has any prescribed 2-factor. In particular, there is a Hamiltonian graph with these properties. The proof can be thought of as an algorithm for constructing a sequence of sets ; = A 0 A 1 A 2 : : : A N ; N = 2 g?1 ;
using only two basic operations. If possible A i+1 is formed by adding one edge to A i , but if that is impossible, we delete one edge from A i and add two new ones. (However, Noga Alon has pointed out that it is not clear in what sense the graphs so constructed are`explicit'.) Of course, we might be lucky enough to nd that the construction works when the initial graph H has less than 2 g vertices, for example, when H is a cycle of length 2 cg , c < 1. Since we have families for which c = 3=4, the case c = 2=3 would be particularly interesting. For simplicity, let g = 3h; then we are looking for Hamiltonian cubic graphs of girth 3h obtained by adding edges to a cycle of length 2 2h . In the cases h = 1 and h = 2 such graphs are well-known: they are the graphs Lemma 4.1 Suppose that s is the diameter of S. If s < (g ? 1)=2 then the girth of G S is at least g ? 1. Proof Any cycle C in G S de nes a cycle C in G: for each end y such that C contains e y , C contains xy and yz. Hence the length of C is the length of C minus the number of ends on C . In particular, if C contains exactly one end, the length of C is at least g ? 1. Suppose that C contains k 2 ends y 1 ; y 2 ; : : :; y k in cyclic order, and label the neighbours of each y i as x i , z i , so that their cyclic order on C is x i ; y i ; z i . Then C consists of paths i of length l i from z i to x i+1 in G S (by convention k + 1 = 1 here), together with the edges e y , y = y 1 ; y 2 ; : : :; y k . Let d S be the distance function in the subgraph S, so that there is a path in S of length d S (y i ; y i+1 ) s joining y i+1 and y i . This path, together with the edge y i z i , the path i , and the edge x i+1 y i+1 , forms a cycle in G, and so g d S (y i ; y i+1 ) + l i + 2 s + l i + 2:
It follows that l i g ? s ? 2. The length of C is l 1 + l 2 + + l k + k, which is at least k(g ? s ? 2) + k = k(g ? s ? 1). By assumption k 2 and s (g ? 1)=2, so the length is at least g ? 1, as claimed. Proof Suppose rst that g = 4r or 4r+1. Given any pair v; w of adjacent vertices in G, let S be the subgraph spanned by the vertices whose distance from either v or w does exceed r ? 1. Then S is a tree with diameter 2r ? 1, which is less than (g ? 1)=2 in these cases. So, by Lemma 4.1, G S has girth g ? 1, and the number of its vertices is n minus the number in S, which is 2 + 2 2 + + 2 r = 2 r+1 ? 2.
Similarly, if g = 4r + 2 or 4r + 3, we can take S to be the subgraph spanned by all vertices whose distance from a given vertex v does not exceed r. Then S is a tree with diameter 2r, which is less than (g ? 1)=2 in both cases. So here again G S has girth g ? 1, and It is tempting to think that the excision technique could be strengthened, by removing more than one set of vertices. However, this requires that the excised parts be remote from each other, and as yet no one has discovered how to avoid the complications which rapidly outweigh the potential advantages. When this holds we say that ! r : : : ! 2 ! 1 is an identity word. Finding the girth of Cay(S) is equivalent to nding a shortest identity word in the elements of S, provided we remember to consider identity words which are reduced, in the sense that ! i 6 = ! i+1 ?1 (1 i r ? 1) , and ! r 6 = ! 1 ?1 .
Note that the letters in a word are numbered backwards to conform with our convention for the composition of permutations. There are two kinds of generating set S which determine a cubic graph Cay(S).
Recall that an involution is a permutation such that 2 is the identity, or equivalently ?1 = .
Type 1: S = f ; ; g, where all three generators are involutions. Type 2: S = f ; ; ?1 g, where is an involution and is not. At this stage it might appear that we have a promising technique for constructing graphs with large girth. However, the promise is short-lived, because it turns out that ?2 ( ) 2 is always an involution, for any permutations and which are de ned by the equations given above. Thus the word of length 14 displayed above is a`universal' identity word for all groups constructed in this way, and all such Cayley graphs have girth g 14. Despite the limited scope of the general construction, it is worth pointing out that the graphs on 272 and 406 vertices described above are the current-best examples for girth 13 and girth 14 (see the Historical Notes.)
Coloured pictures
We shall describe a useful technique for dealing with Cayley graphs of Type 1. In this case each generator is its own inverse, and so a reduced identity word is such that no two consecutive letters are the same, and the rst and last ones are di erent. In the following discussion we shall generally assume that all words under consideration have these properties. The technique is based on the use of a`coloured picture' or, more precisely, an edge-coloured graph. We take the vertex-set of this graph to be the set X of objects permuted, and join two vertices x and y by an edge whenever (xy) is a transposition belonging to one of the generators ; ; . If we think of ; ; as colours, we obtain an edge-coloured graph (no colour appears twice at any vertex), in which each vertex has degree at most 3. The graph Cay(S) was rst studied by Frucht 22] . The corresponding picture has three components, each of them a path with four vertices.
It is clear that hSi must be a subgroup of the direct product of the groups de ned by each component of the picture, and in this case these are dihedral groups of order 8.
In fact hSi has order 64. The shortest identity words are of the form ( ) 4 , so the girth is 8. The graph is 64 in Foster's Census.
For future reference we note that the generators for Frucht's graph satisfy certain identities involving the commutator ; ] = ?1 ?1 which, when and are involutions, is just ( ) 2 . In fact, the commutator ; ] = ( ) 2 = (47)(56), from which it follows that ; ] commutes with all three generators ; ; . By symmetry, we conclude that every commutator in hSi commutes with every element of hSi.
The signi cance of this fact will be explained in Example 8.2.
Example 6.1 can be regarded as the case n = 4 of a general construction, in which we construct permutations which generate a subgroup of the direct product of three dihedral groups of order 2n. Speci cally, we let X be the disjoint union X 1 X 2 X 3 , where jX i j = n, and set = 1 2 , = 2 3 , = 3 1 , where 1 3 . Unfortunately, the girth of the graphs constructed in this way is bounded. Since ( ) 2 xes the set X 1 X 3 , which is the set permuted by , the two elements commute:
Thus we have an identity word of length 10, which is universal for this construction. It follows that the girth of any graph constructed in this way cannot exceed 10. At this point, a positive result seems appropriate. The next theorem is a simple, but important, application of coloured pictures. Theorem 6.2 There are nite Cayley graphs of Type 1 with arbitrarily large girth. Proof Let P r denote the`cubic tree' of nite radius r 1. In other words, all vertices at distance less than r from a central vertex x have degree 3, and all vertices at distance r from x have degree 1. Assign three colours to the edges of P r in any way consistent with the edge-colouring condition, and let ; ; be the corresponding involutions. Suppose we are given any word ! l ! l?1 : : : ! 1 in the generators ; ; , which is reduced in the sense explained above. The image of x under ! 1 is a vertex at distance 1 from x. The image of this vertex under ! 2 is a vertex at distance 2 from from x, since ! 2 6 = ! 1 . Repeating the argument, we conclude that if l r, the image of x is at distance l from x, and in particular x is not xed by the given word. Hence no word of length r or less is an identity word, and Cay(S) has girth at least r + 1.
In fact, an obvious continuation of the argument in the proof shows that no word of length l 2r + 1 xes x, so the girth is at least 2r + 2. We could go further by characterising those words of length 2r + 1 which do x x, showing that none of them x certain other vertices, and so on. Alternatively, for small values of r the girth can be calculated by computer. For example, the girth of the graph when r = 2 has been computed to be 20. Note that in this case the permutations generate the entire symmetric group S 10 , so although we have a graph with g = 20, it has 10! = 3 628 800 vertices, which is rather more than the current-best (8096 vertices). In general, if we choose a set of permutations at random then it is likely that they will generate the entire symmetric or alternating group, and so the Cayley graph will be uncomfortably large. We can avoid this problem by working within a known group, as in Example 6.1. Many interesting groups can be generated by three involutions; for example, it follows from the results of Malle, Saxl and Weigel 33] that almost all nite simple groups can be so generated. Thus cubic Cayley graphs of Type 1 provide a rich source of examples. However, attempts to construct families with large girth often fail because there is a universal identity word, like the word of length 10 which prevented our attempt to generalise Example 6.1.
Applications of coloured pictures
Let P( ; ) be the subgraph of a picture P spanned by the edges coloured or . Then P( ; ) consists of a number of components, each of which is either (i) a cycle of even length l, or (ii) a path of length k in which the two end-vertices are xed by exactly one of and . In the rst case, the permutation acts on the vertices of the component as two cycles of length l=2, so ( ) l=2 is the identity permutation on the vertices of this component; in particular, if this is the only component, ( ) l=2 is an identity word of length l. In the second case acts on the vertices as a cycle of length k, and ( ) k is the identity permutation on the vertices of this component. Lemma 7.1 Let C be a component of the picture P( ; ). Then if C is a cycle of length l, h ; j Ci is a dihedral group of order l, and if C is path of length k it is a dihedral group of order 2k.
The group h ; i is the direct product of the groups h ; j Ci, each of which is a dihedral group. Thus it is easy to analyse the action of this group. For example, the intersection of h ; i with its conjugate h ; i , can be easily determined. Lemma Since the generators are even permutations, hSi is a subgroup of the alternating group A 5 , and it is easy to check that it is 3-transitive, so it is A 5 . Hence Cay(S) has 60 vertices. The picture P( ; ) has one component C 1 , a path whose vertices occur in the order 3; 5; 2; 1; 4. So h ; i = h ; j C 1 i is a dihedral group of order 10, and it is easy to check that h ; i \ h ; i = id.
The shortest reduced identity word which does not contain is ( ) 5 , so 10 is an upper bound for the girth of Cay(S). But the graph has 60 vertices, and we know that a cubic graph with girth 10 must have at least 64 vertices, so the girth cannot exceed 9. On the other hand, Lemma 7.2 tells us that an identity word which does contain must contain at least three occurrences of . By symmetry, an identity word must contain at least three occurrences of and also, so it must have length at least 9. Hence the girth is exactly 9, and there must be an identity word of length 9, in which each generator occurs three times. Indeed one such word is :
This graph was the rst cubic graph with 60 vertices and girth 9 to be discovered (by R. M. Foster, see 22]). For many years it remained current-best, although a number of other graphs with these properties were found, and it began to look as if 0 (9) = 60. However, eventually it turned out 10, 14] that the correct value is 58, not 60. Example 7.4 Using the MAGMA package, Conder 18] found that the following involutions generate the group PSL(2; 16), considered as a permutation group on the 17 points of the projective line over the eld GF (2 4 ).
= (1; 9)(2; 8)(3; 7)(4; 6)(10; 17)(11; 16)(12; 15)(13; 14) = (1; 11)(2; 5)(3; 8)(4; 14)(6; 15)(7; 12)(9; 17)(10; 13) = (1; 2)(3; 13)((5; 12)(6; 7)(8; 11)(9; 15)(10; 16)(14; 17):
The group has order 17 16 15 = 4080, so we have a cubic Cayley graph with that number of vertices, and Conder showed that the girth of this graph is 18. we get three involutions which can be identi ed with the ones discovered by Conder. The coloured picture can be drawn so that the threefold symmetry is plain. It would be gratifying if k could be chosen so that the Cayley graph generated by the three involutions had large girth for all m. Speci cally, the two examples might suggest that the girth is 9m. Since the graphs have about 2 6m vertices, that would imply a family with c = 2=3. Unfortunately, in the case m = 3 the best that can be done is a graph with girth 26, rather than 27. I am (not) grateful to Marston Conder for this computation.
Abstract groups generated by three involutions
In this section we consider a group presentation of the form ha; b; c j a where w i is one of a; b; c, and w i 6 = w i+1 (1 i l ? 1). Furthermore, there is no loss of generality in assuming that the word is cyclically reduced, which in this case simply means that, w 1 6 = w l . In general, there is no easy way to ensure that the relations r 1 ; r 2 ; : : :; r m determine a nite group, although some special cases can be treated theoretically. If the group is indeed nite, the coset enumeration process will verify this fact by terminating (eventually), but we cannot say when. The Cayley graph of the presentation is the graph in which the vertices are the elements of the group, and an edge joins vertices x and y whenever xy ?1 is one of the generators a; b; c. Since the generators are involutions, this de nes an undirected graph, in which each vertex x is joined to the vertices ax; bx; cx. A cycle of length s in the Cayley graph has vertices of the form x; u 1 x; u 2 u 1 x; : : : ; u s : : : u 2 u 1 x = x; where each u i is one of the generators, and u 2 6 = u 1 , u 3 6 = u 2 , and so on. So u = u s : : : u 2 u 1 is an identity word, that is u = 1 in the group. This equation is a consequence of the de ning relations, but it is not necessarily one of them. In the special case when there are no relations, the group is the free product of three cyclic groups of order 2, I = ha; b; c j a In this case there are no identity words, and the Cayley graph is the in nite cubic tree T. Any set of relations r 1 ; r 2 ; : : :; r m de nes a quotient group of I, and its Cayley graph is a quotient graph of T. However these quotients may well be in nite. One way to guarantee niteness has been discussed in Sections 5,6, and 7. We choose a set S of three involutory permutations ; ; of a nite set X, in which case the corresponding subgroup hSi of the symmetric group Sym(X) is nite. The homomorphism : I ! hSi de ned by a 7 ! , b 7 ! , c 7 ! is onto, and its kernel N is such that I=N is isomorphic to hSi. Choosing the permutations as in Theorem 6.2 we obtain the following basic result. Lemma 8.1 Given g, there are nite quotients of I whose Cayley graphs have arbitrarily large girth.
In the language of group theory, this result states that I is residually nite 8].
In the rest of this section we shall consider alternative methods of choosing a set of relations r 1 ; r 2 ; : : : ; r m in such a way that the group they de ne is nite.
Example 8.2 Suppose we add the relations which say that the generators commute: ab = ba; bc = cb; ca = ac. Then the group is abelian, and the elementary theory of abelian groups tells us that it is the direct product of three cyclic groups of order two: ha; b; c j a This is a group of order 8. The relations determine cyclically reduced identity words, such as abab, which have length 4. There are no shorter identity words, so we get a cubic graph with 8 vertices and girth 4, which is the graph formed by the vertices and edges of a cube. 
Geometrical constructions
There are several constructions that produce families of cubic graphs with large girth, based on con gurations of points on a projective line. The points on the line PG(1; q) (q a prime power) can be identi ed with the set GF(q) f1g, by using homogeneous coordinates'. For simplicity, we shall discuss only the case when q = p, a prime. Any set of four points x 1 ; x 2 ; x 3 ; x 4 on PG(1; p) has a cross-ratio (x 1 ? x 3 )(x 2 ? x 4 ) (x 1 ? x 4 )(x 2 ? x 3 ) : Clearly, the cross-ratio is a property of the two unordered pairs x 1 ; x 2 and x 3 ; x 4 , and when it takes the value ?1 we say that the two pairs are harmonic conjugates. A triplet is simply an unordered triple of points fx; y; zg on PG(1; p). De ne an adjacency relation on the set of triplets by the rule that fx; y; zg is adjacent to the three triplets fx 0 ; y; zg; fx; y 0 ; zg; fx; y; z 0 g; where x 0 ; y 0 ; z 0 are chosen so that x; x 0 and y; z are harmonic conjugates, y; y 0 and x; z are harmonic conjugates and z; z 0 and x; y are harmonic conjugates. We get a cubic graph with It be can shown that the label (a=b; c=d; e=f) of a vertex is uniquely determined by the middle term c=d. Furthermore, the labelling of B can be extended to the cubic tree T as follows. Let P denote a two-way in nite path whose vertices are labelled with the integers : : : ; ?2; ?1; 0; 1; 2; : : : , in the obvious way. For each integer n let B n be a copy of B and assign the label n + c d to the vertex corresponding to the one labelled c d in B 0 . Join the root of B n , labelled n + 1 2 , to the vertex labelled n in P. This construction produces a labelling of T that has many remarkable properties, discussed in the references given above. For our purposes the important thing is that when we collapse the labelled tree T modulo a prime p, we obtain the triplet graph T(p). By analysing the labels carefully, we obtain the following result 6]. Historically, the rst graphs of this kind to be studied were the sextet graphs 11]. A sextet is a set of three unordered pairs of points on PG(1; p), such that every two pairs are harmonic conjugates. For certain congruence classes of p (mod 8) it is possible to de ne an adjacency relation on the sextets, such that a cubic graph S(p) is obtained. Weiss 44] proved that the family S of sextet graphs satis es c(S) 0:75, and here too an improvement may be possible. Many individual sextet graphs satisfy c(S(p)) < 0:75, and the family provides some of the current-best examples. For example, the sextet graph S(31) with 620 vertices is the current-best with girth 15. Further examples will be found in the Historical Notes. Other families constructed in a similar way, such as the hexagon graphs, have been studied by Hoare 26] . The hexagon graph H(47) is the current-best with girth 19.
Open questions
The notation is that used in the rest of the paper. Note that not all the questions are independent; for example, a positive answer to Question 2 would provide a solution to Question 1.
1. Find an in nite family G of cubic graphs for which it can be proved that c(G) is strictly less than 3/4. 2. Is it true that, for all h 1, we can add edges to a cycle of length 2 2h to get a cubic graph of girth 3h? In other words, is there a Hamiltonian cubic graph with 2 2h vertices and girth 3h? 3. Suppose s 4, and let K consist of 2 s disjoint cycles of length 2 s . Can we add edges to K to form a cubic graph of girth 3s? 4. Let S be a subgraph of a cubic graph G, with the conditions as in Section 4, except that S may be disconnected. If G has girth g, nd suitable conditions under which G S has girth g ? 1. 5. Find new current-best graphs with girth 13 and 14. (The long tenure of the title of current-best by the graphs with 272 and 406 vertices respectively is becoming an embarrassment.) 6 . Under what conditions is there an identity word for a family of cubic Cayley graphs that is`universal', in the sense described in Examples 5.2 and 6.1? (In fact, we really need conditions which guarantee that no such word exists.) 7. Let T r be a family of trees with vertices of degree not exceeding 3, each tree with a given edge-3-colouring. Let P = (P r ) be the family of cubic Cayley graphs de ned by the corresponding involutory permutations. Can we construct examples in which the girth of P r tends to in nity and c(P) is nite? 8. Let G = PSL(2; q) where q is a prime power of the form 3r + 1, and let ! be a cube root of unity in GF(q). Let be an involution x 7 ! (x ? b)=(cx ? 1) in G, and let ; be its conjugates with respect to the maps x 7 ! !x, x 7 ! ! 9. Any nite simple group G (except U 3 (3)) can be generated by three involutions 33] . De ne the girth of G to be the maximum girth of a Cayley graph of G with respect to a set of three generating involutions. Compute the girth of the classical groups and the sporadic ones. 10. Is it true that the involutions referred to in Problem 9 can be chosen to be conjugate? Can they be chosen to be conjugate under an element of order 3, assuming that G has such an element? (If the answer is yes, we get a symmetric Cayley graph,)
Historical Notes
These brief notes have been compiled with the assistance of many of the people involved, and they are believed to be correct.
Girth 10 The rst example with 70 vertices was found by Balaban 1] 
in 1972.
O'Keefe and Wong 36] showed that 70 is the smallest possible number of vertices. There are just three minimal graphs.
Girth 11 A graph with 112 vertices was published by Balaban 2] in 1973. It was obtained by excising a tree with 14 vertices from the minimal graph with 126 vertices and girth 12 (see below). In 1995 it was announced 14] that no smaller graphs exist, but Balaban's graph is not known to be unique. Girth 12 In this case the very naive bound (126 vertices) is attained by a unique graph. The graph is associated with con gurations studied by classical geometers such as Edge 20] , and it is also implicit in the`geometry of triality' studied by Tits 46] . The underlying structure is the Lie algebra of type G 2 , which gives rise to the related concept of a generalised hexagon. The rst explicitly graph-theoretical treatment is due to Benson 3] . Girth 15 The sextet graph S(31) with 620 vertices is a member of the family described by Biggs and Hoare 11] in 1983. The fact that its girth is 15 is stated explicitly in that paper.
Girth 16 An explicit construction of a graph with 990 vertices was described by Biggs at the New York conference in 1985, and is published in the proceedings 7]. The fact that such a graph exists is implicit in the work of Goldschmidt 24] , and a related con guration was discussed by Chuvaeva 17] . 
